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Introdution and Notation
Motivation.
Wavelet frames: A generalization of wavelet orthonormal basis with
more exibility and freedom.
Do we always have this freedom?
The natural representation of a funtion in terms of a frame
involves the so-alled anonial dual. The anonial dual of a
wavelet frame need not have wavelet struture; and even worse,
there might not be any dual with wavelet struture.
The Canonial and Alternate Duals of a Wavelet Frame
Introdution and Notation
One Result in this Diretion
Suppose ψ is an orthonormal wavelet and let
θ(x) = ψ(x) + ε21/2ψ(2x)
for 0 < ε < 1. Then θ generates a wavelet Riesz basis whose
(anonial) dual is not of the form
{2j/2φ(2jx − k) : j , k ∈ Z, φ ∈ Φ}
for any nite set Φ of generators ([Daubehies℄, [Chui & Shi℄).
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Introdution and Notation
One Result in this Diretion
Suppose ψ is an orthonormal wavelet and let
θ(x) = ψ(x) + ε21/2ψ(2x)
for 0 < ε < 1. Then θ generates a wavelet Riesz basis whose
(anonial) dual is not of the form
{2j/2φ(2jx − k) : j , k ∈ Z, φ ∈ Φ}
for any nite set Φ of generators ([Daubehies℄, [Chui & Shi℄).
Obviously, the Riesz wavelet has no alternate wavelet duals either,
so one might ask:
Does the existene of a dual wavelet frame imply wavelet
struture of the anonial dual?
The Canonial and Alternate Duals of a Wavelet Frame
Introdution and Notation
Main result of this work
In this talk we will explore the relationship between anonial and
alternate dual frames of a wavelet frame. The main result is a
negative answer to the question on the previous slide:
Theorem (Bownik, L.)
For all J ∈ N, there exists a frame wavelet ψ ∈ L2(R) suh that:
(i) ψˆ is C∞ and ompatly supported,
(ii) its anonial dual frame is not a wavelet system generated by
fewer than 2
J
funtions,
(iii) there are innitely many ψ˜ suh that ψ and ψ˜ form a pair of
dual wavelet frames.
The Canonial and Alternate Duals of a Wavelet Frame
Introdution and Notation
Main result of this work
In this talk we will explore the relationship between anonial and
alternate dual frames of a wavelet frame. The main result is a
negative answer to the question on the previous slide:
Theorem (Bownik, L.)
For all J ∈ N, there exists a frame wavelet ψ ∈ L2(R) suh that:
(i) ψˆ is C∞ and ompatly supported,
(ii) its anonial dual frame is not a wavelet system generated by
fewer than 2
J
funtions,
(iii) there are innitely many ψ˜ suh that ψ and ψ˜ form a pair of
dual wavelet frames.
This laim (with J = 1) was asserted by Daubehies and Han
[Appl. Comp. Harmoni Anal. 12 (2002), no. 3, 269285℄.
The Canonial and Alternate Duals of a Wavelet Frame
Introdution and Notation
What is a Frame?
A sequene {f
j
}
j∈N is a frame for a separable Hilbert spae H if
∃C
1
,C
2
> 0 : C
1
‖f ‖2 ≤
∑
j∈N
|〈f , f
j
〉|2 ≤ C
2
‖f ‖2 for all f ∈ H.
If the upper bound holds in the above inequality, then {f
j
} is said
to be a Bessel sequene. Two Bessel sequenes {f
j
} and {g
j
} are
said to be dual frames if
f =
∑
j∈N
〈f , g
j
〉f
j
for all f ∈ H.
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What is a Frame?
A sequene {f
j
}
j∈N is a frame for a separable Hilbert spae H if
∃C
1
,C
2
> 0 : C
1
‖f ‖2 ≤
∑
j∈N
|〈f , f
j
〉|2 ≤ C
2
‖f ‖2 for all f ∈ H.
If the upper bound holds in the above inequality, then {f
j
} is said
to be a Bessel sequene. Two Bessel sequenes {f
j
} and {g
j
} are
said to be dual frames if
f =
∑
j∈N
〈f , S−1 f
j
〉f
j
for all f ∈ H.
At least one dual always exists: the anonial dual {S−1 f
j
}, where
the frame operator of {f
j
} is S : H → H,S f =
∑
〈f , f
j
〉f
j
.
Redundant frames have several duals; a dual whih is not the
anonial dual is alled an alternate dual.
The Canonial and Alternate Duals of a Wavelet Frame
Introdution and Notation
What is a Frame Wavelet?
The wavelet system generated by Ψ = {ψ
1
, . . . , ψ
L
} is dened as
{ψ
j ,k : j , k ∈ Z, ψ ∈ Ψ}, where ψj ,k := ψ(a
j ·−k) ≡ D j
a
T
k
ψ ≡ U(Ψ).
where the translation and dilation operators on L
2(R) are:
T
k
f (x) := f (x − k), k ∈ Z,
D
a
f (x) := a1/2f (ax), a > 1.
The wavelet unitaries are denoted U := {D j
a
T
k
: j ∈ Z, k ∈ Z}.
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1
, . . . , ψ
L
} is dened as
{ψ
j ,k : j , k ∈ Z, ψ ∈ Ψ}, where ψj ,k := ψ(a
j ·−k) ≡ D j
a
T
k
ψ ≡ U(Ψ).
A set of funtions Ψ ∈ L2(R) is alled a frame wavelet if
{ψ
j ,k}j∈Z,k∈Z,ψ∈Ψ is a frame for L
2(R).
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Introdution and Notation
What is a Frame Wavelet?
The wavelet system generated by Ψ = {ψ
1
, . . . , ψ
L
} is dened as
{ψ
j ,k : j , k ∈ Z, ψ ∈ Ψ}, where ψj ,k := ψ(a
j ·−k) ≡ D j
a
T
k
ψ ≡ U(Ψ).
Expansion property
Suppose Ψ is a frame wavelet. Then
f =
∑
ψ∈Ψ
∑
j∈Z
∑
k∈Z
〈f ,S−1ψ
j ,k〉ψj ,k for all f ∈ L
2(R),
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Introdution and Notation
Notation
A losed subspae W ⊂ L2(R) is said to be MZ shift invariant if
T
Mz
W ⊂W for all z ∈ Z.
Given a frame wavelet Ψ, the spae of negative dilates V (Ψ) is:
V (Ψ) = span{ψ
j ,k : j < 0, k ∈ Z, ψ ∈ Ψ}.
The loal ommutant of a system of operators A at the point
f ∈ L2(R) is dened as
C
f
(A) :=
{
B ∈ B(L2(R)) : BAf = ABf ∀A ∈ A
}
.
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The Canonial Dual Frame
The Canonial Dual Frame
The anonial dual of a wavelet frame {D j
a
T
k
ψ}
j ,k∈Z,ψ∈Ψ is:{
S
−1
D
j
a
T
k
ψ
i
: j , k ∈ Z, i = 1, . . . ,L
}
=
{
D
j
a
S
−1
T
k
ψ
i
: j , k ∈ Z, i = 1, . . . ,L
}
=
{
D
j
a
ηk,i : j , k ∈ Z, i = 1, . . . ,L
}
,
where S is the frame operator of U(Ψ), and {ηk,i} is a family of
funtions, not neessarily with translation struture, indexed by
{1, . . . ,L} × Z.
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The Canonial Dual Frame
The anonial dual of a wavelet frame {D j
a
T
k
ψ}
j ,k∈Z,ψ∈Ψ is:{
S
−1
D
j
a
T
k
ψ
i
: j , k ∈ Z, i = 1, . . . ,L
}
=
{
D
j
a
S
−1
T
k
ψ
i
: j , k ∈ Z, i = 1, . . . ,L
}
=
{
D
j
a
ηk,i : j , k ∈ Z, i = 1, . . . ,L
}
,
where S is the frame operator of U(Ψ), and {ηk,i} is a family of
funtions, not neessarily with translation struture, indexed by
{1, . . . ,L} × Z. The anonial dual takes the form of a wavelet
system generated by |Ψ| = L funtions preisely when
T
k
S
−1 ψ = S−1 T
k
ψ for all ψ ∈ Ψ, k ∈ Z,
that is, preisely when S
−1 ∈ Cψ({T
k
: k ∈ Z}) for all ψ ∈ Ψ.
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The Canonial Dual Frame
Lifting duality to a Sparser Lattie
For simpliity let L = 1, i.e., Ψ = {ψ}. What an we do if
T
k
S
−1 ψ 6= S−1 T
k
ψ for some k ∈ Z, i.e., , if the anonial dual is
not a wavelet system generated by one funtion?
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T
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1
ψ,...,T
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The Canonial Dual Frame
Lifting duality to a Sparser Lattie
For simpliity let L = 1, i.e., Ψ = {ψ}. What an we do if
T
k
S
−1 ψ 6= S−1 T
k
ψ for some k ∈ Z, i.e., , if the anonial dual is
not a wavelet system generated by one funtion?
Idea: For P ∈ N onsider {D j
a
T
k
ψ}
j ,k∈Z as a wavelet system on
the form {D j
a
T
Pk
ψ}
j ,k∈Z,ψ∈{ψ,T
1
ψ,...,T
P−1
ψ}.
Now, it might happen that this system has a anonial dual with
wavelet struture as systems on the sparser translation lattie PZ
and P generators. This happens preisely when
T
Pk
S
−1 ψ = S−1 T
Pk
ψ for all k ∈ Z.
We note that the frame operator S remains the same during this
hange of lattie.
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The Canonial Dual Frame
Lifting duality to a Sparser Lattie
For simpliity let L = 1, i.e., Ψ = {ψ}. What an we do if
T
k
S
−1 ψ 6= S−1 T
k
ψ for some k ∈ Z, i.e., , if the anonial dual is
not a wavelet system generated by one funtion?
Idea: For P ∈ N onsider {D j
a
T
k
ψ}
j ,k∈Z as a wavelet system on
the form {D j
a
T
Pk
ψ}
j ,k∈Z,ψ∈{ψ,T
1
ψ,...,T
P−1
ψ}.
Then we have P funtions {φ
0
, φ
1
, . . . , φ
P−1} suh that
{D jT
Pk
(φ
0
),D jT
Pk
(φ
1
), . . . ,D jT
Pk
(φ
P−1)}
j ,k∈Z
is the anonial dual of
{D jT
Pk
(ψ),D jT
Pk
(T
1
ψ), . . . ,D jT
Pk
(T
P−1ψ)}
j ,k∈Z
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The Period of a Frame Wavelet
Denition
Suppose that Ψ = {ψ
1
, . . . , ψ
L
} ⊂ L2(R) is a frame wavelet
assoiated with an integer dilation fator a, |a| ≥ 2. The period of
Ψ is the smallest integer p ≥ 1 suh that for all
f ∈ span {T
k
ψ : k ∈ Z, ψ ∈ Ψ},
T
pk
S
−1
f = S−1 T
pk
f for all k ∈ Z,
where S is the frame operator of the wavelet frame generated by Ψ.
If there is no suh p, we say that the period of Ψ is ∞.
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Periods and the Canonial Dual
Proposition (Bownik, L.)
Suppose that Ψ = {ψ
1
, . . . , ψ
L
} ⊂ L2(R) is a frame wavelet. For
any nonnegative integer M ∈ N, the following are equivalent:
(i) P(Ψ) | M, i.e., the period of Ψ, denoted P(Ψ), divides M.
(ii) There exist ML funtions Φ = {φ
1
, . . . , φ
ML
} suh that
{D j
a
T
Mk
φ}
j ,k∈Z,φ∈Φ is the anonial dual of
{D j
a
T
k
ψ}
j ,k∈Z,ψ∈Ψ = {D
j
a
T
Mk
ψ}
j ,k∈Z,ψ∈Ψ
M
, where
Ψ
M
:= {T
m
ψ : m = 0, . . . ,M − 1, ψ ∈ Ψ} .
Hene, if the period P(Ψ) of a frame wavelet Ψ is nite, then the
anonial dual frame is a wavelet system generated by P(Ψ) · |Ψ|
funtions, and this is the least number of generators.
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The Period of a Frame Wavelet
Periods and the Canonial Dual
Proposition (Bownik, L.)
Suppose that Ψ = {ψ
1
, . . . , ψ
L
} ⊂ L2(R) is a frame wavelet. For
any nonnegative integer M ∈ N, the following are equivalent:
(i) P(Ψ) | M, i.e., the period of Ψ, denoted P(Ψ), divides M.
(ii) There exist ML funtions Φ = {φ
1
, . . . , φ
ML
} suh that
{D j
a
T
Mk
φ}
j ,k∈Z,φ∈Φ is the anonial dual of
{D j
a
T
k
ψ}
j ,k∈Z,ψ∈Ψ = {D
j
a
T
Mk
ψ}
j ,k∈Z,ψ∈Ψ
M
, where
Ψ
M
:= {T
m
ψ : m = 0, . . . ,M − 1, ψ ∈ Ψ} .
Note: In this ase the wavelet struture of the anonial dual frame
is altered sine it is based on the translation lattie P(Ψ) · Z whih
is sparser than the original lattie Z.
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Proof of The Main Result
The Main Result (again)
Theorem
For all J ∈ N, there exists a frame wavelet ψ ∈ L2(R) suh that:
(i) ψˆ is C∞ and ompatly supported,
(ii) its anonial dual frame is not a wavelet system generated by
fewer than 2
J
funtions,
(iii) there are innitely many ψ˜ suh that ψ and ψ˜ form a pair of
dual wavelet frames.
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Proof of The Main Result
Idea of the Proof (ase J = 1)
Construt a nie frame wavelet with an alternate wavelet dual and
a non Z shift invariant spae of negative dilates V (ψ). Use the
negation of the result below to onlude that the anonial dual
annot be generated by one funtion.
Proposition (Bownik & Weber)
Suppose that the anonial dual of a wavelet frame ψ has a wavelet
struture, i.e., it is of the form {φ
j ,k : j , k ∈ Z} for some frame
wavelet φ. Then, the spae of negative dilates
V (ψ) = span{ψ
j ,k : j < 0, k ∈ Z}
is shift-invariant.
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Proof of The Main Result
Sketh of the Proof (general ase J ∈ N)
Fix J ∈ N. Construt a smooth frame wavelet ψ = ψ0 + εψ1 as in
the rst lemma and the gure with N = J + 3 and with a spae of
negative dilates V (ψ) not shift invariant under MZ for any
M = 1, 2, . . . , 2J (seond lemma).
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Sketh of the Proof (general ase J ∈ N)
Fix J ∈ N. Construt a smooth frame wavelet ψ = ψ0 + εψ1 as in
the rst lemma and the gure with N = J + 3 and with a spae of
negative dilates V (ψ) not shift invariant under MZ for any
M = 1, 2, . . . , 2J (seond lemma). By the result below, the period
of suh a framelet ψ will be at least 2J . Therefore, by the
Proposition above, the anonial dual is at least generated by 2
J
funtions. Finally, use the harateristi equations for dual wavelets
frames to expliitly show that ψ0 is an alternate dual wavelet of ψ.
Proposition (Bownik & Weber)
Let M ∈ N. If Ψ is a frame wavelet and the period of Ψ divides M,
then V (Ψ) is shift invariant by the lattie MZ.
The Canonial and Alternate Duals of a Wavelet Frame
Proof of The Main Result
First lemma: Construting the Frame Wavelet
Lemma
For every N ≥ 4 and 0 < δ < 2−N , there exists a frame wavelet ψ
suh that ψˆ ∈ C∞
0
(R) and
ψˆ(ξ) 6= 0 ⇐⇒ ξ ∈ (−1/2,−1/4) ∪ (1/2, 3/4)
∪
(
−2−N+1 − δ,−2−N + δ
)
∪
(
2
−N − δ, 2−N+1 + δ
)
ψˆ(ξ) = ψˆ(ξ − 1) 6= 0 for ξ ∈ (1/2, 3/4) .
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First lemma: Construting the Frame Wavelet
3
4
1
2
1
ε
ξ
−1
2N
1
4
1
2N
2
2N
εψˆ1
−2
2N
εψˆ1
− 1
2
− 1
4
ψˆ0 ψˆ0
Figure: Sketh of the graph of ψˆ = ψˆ0 + εψˆ1; ψ and ψ0 are (alternate)
duals.
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Seond Lemma: Showing Non Shift Invariane of V (ψ)
Lemma
Suppose that ψ ∈ L2(R) is as in the rst lemma with N ≥ 4 and
0 < δ < 2−N . Then the spae of negative dilates V (ψ) is not
pZ-SI for any p < 2N−3, p ∈ N.
Sketh of proof.
Let W
j
:= span{ψ
j ,k : k ∈ Z, ψ ∈ Ψ} for eah j ∈ Z. Use that
V (ψ) = span
⋃
j<0Wj(ψ), that f ∈W0(ψ) if and only if
f (2j ·) ∈W
j
(ψ), and that the prinipal shift-invariant subspae
W
0
(ψ) an be desribed as
W
0
(ψ) = {f ∈ L2(R) : fˆ = ψˆm for some meas., 1-periodi m}.
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Seond Lemma: Showing Non Shift Invariane of V (ψ)
Lemma
Suppose that ψ ∈ L2(R) is as in the rst lemma with N ≥ 4 and
0 < δ < 2−N . Then the spae of negative dilates V (ψ) is not
pZ-SI for any p < 2N−3, p ∈ N.
Sketh of proof.
Let W
j
:= span{ψ
j ,k : k ∈ Z, ψ ∈ Ψ} for eah j ∈ Z. Use that
V (ψ) = span
⋃
j<0Wj(ψ), that f ∈W0(ψ) if and only if
f (2j ·) ∈W
j
(ψ), and that the prinipal shift-invariant subspae
W
0
(ψ) an be desribed as
W
0
(ψ) =
{
f ∈ L2(R) : supp fˆ ⊂ [−1/2,−1/4] ∪ [1/2, 3/4] ∪ K
fˆ (ξ − 1) = fˆ (ξ) a.e. ξ ∈ [1/2, 3/4]
}
,
where K =
[
−2−N+1 − δ,−2−N + δ
]
∪
[
2
−N − δ, 2−N+1 + δ
]
.
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Seond Lemma: Showing Non Shift Invariane of V (ψ)
Proof (ont.)
V (ψ) =
{
f ∈ L2(R) : supp fˆ ⊂
−1⋃
j=−N+3
2
j([−1/2,−1/4] ∪ [1/2, 3/4]),
fˆ (ξ − 2−1) = fˆ (ξ) a.e. ξ ∈
[
2
−2, 3/2 · 2−2
]
,
fˆ (ξ − 2−2) = fˆ (ξ) a.e. ξ ∈
[
2
−3, 3/2 · 2−3
]
,
.
.
.
.
.
.
fˆ (ξ − 2−N+3) = fˆ (ξ) a.e. ξ ∈
[
2
−N+2, 3/2 · 2−N+2
]}
.
Dene f ∈ V (ψ) by fˆ = χ[2−N+2,3/2·2−N+2]∪[−2−N+2,−1/2·2−N+2].
Show that T
p
f /∈ V (ψ) for p < 2N−3, or equivalently, that
exp (2piip·)fˆ /∈ FV (ψ) .
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Remarks
In Perspetive with Other Known Results
Theorem (Auher, 1990)
Suppose ψ ∈ L2(R) is an orthonormal wavelet, |ψˆ| ontinuous, and
ψˆ = O(|ξ|−1/2−δ) for some δ > 0. Then ψ is an MRA wavelet.
Hene, all regular orthonormal wavelets are assoiated with an
MRA.
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Remarks
In Perspetive with Other Known Results
Theorem (Auher, 1990)
Suppose ψ ∈ L2(R) is an orthonormal wavelet, |ψˆ| ontinuous, and
ψˆ = O(|ξ|−1/2−δ) for some δ > 0. Then ψ is an MRA wavelet.
Hene, all regular orthonormal wavelets are assoiated with an
MRA. Baggett et al. onstruted a non-MRA C
r
tight frame
wavelet with rapid deay for any r ∈ N. The non-tight frame
wavelet from the main result is an example of a non-GMRA C
∞
frame wavelet with rapid deay.
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The Frame Operator
Proposition
Suppose that Ψ = {ψ
1
, . . . , ψ
L
} ⊂ L2(R) generates a wavelet
system whih is a Bessel sequene. Let
D = {f ∈ L2(R) : fˆ ∈ L∞(R) and supp fˆ ⊂ [−R ,−1/R ]∪[1/R ,R ] for R > 1}.
Then its frame operator S is given by
Ŝ f (ξ) = fˆ (ξ)
L∑
l=1
∑
j∈Z
|ψˆ
l
(2jξ)|2 +
∑
p∈Z
∑
q∈2Z+1
fˆ (ξ + 2−pq)t
q
(2pξ)
for a.e. ξ ∈ R and for all f ∈ D, where
t
q
(ξ) =
L∑
l=1
∞∑
j=0
ψˆ
l
(2jξ)ψˆ
l
(2j (ξ + q)) for q ∈ Z.
This proposition is impliitly ontained in the book of Hernández
and Weiss, Proposition 7.1.19.
The Canonial and Alternate Duals of a Wavelet Frame
Appendix
Referenes
Lifting
We are in some sense lifting the duality to the translation lattie
PZ and paring
{D jT
Pk
(ψ),D jT
Pk
(T
1
ψ), . . . ,D jT
Pk
(T
P−1ψ)}
j ,k∈Z
with
{D jT
Pk
(φ
0
),D jT
Pk
(φ
1
), . . . ,D jT
Pk
(φ
P−1)}
j ,k∈Z,
or, equivalently, lifting the duality to sale m and paring
{D jT
k
(Dmψ),D jT
k
(DmT
1
ψ), . . . ,D jT
k
(DmT
P−1ψ)}
j ,k∈Z
with
{D jT
k
(φ˜
0
),D jT
k
(φ˜
1
), . . . ,D jT
k
(φ˜
P−1)}
j ,k∈Z,
where φ˜
i
= Dmφ
i
for i ∈ {0, 1, . . . ,P − 1}. We note that the
frame operator S remains the same during this lifting.
